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Abstract. Let (-R,m) be a local ring, I a proper ideal of R and M a finitely 
generated 7?-module of dimension d. We discuss the local homology modules of 
Hf{M). When M is Cohen-Macaulay, it is proved that Hm{M) is co-Cohen- 
Macaulay of N. dimension d and Hj{H^{M)) = M where x = (xi, . . . ,Xd) is a 
system of parameters for M. 
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1 Introduction 

Let {R, m) be a (commutative Noetherian) local ring and M a finitely gener- 
ated i?-module of dimension d. By top local cohomology modules, we mean 
the local cohomology modules Hf{M), where / is a proper ideal of R. As 
is well-known, Hf{M) is an Artinian i?- module (cf. [6]). For the Artinian 
modules over a commutative quasi-local (not necessarily Noetherian) ring, 
there is a theory of local homology (cf. [11]). In this paper, we will mainly 
discuss the local homology modules of top local cohomology modules of 
Cohen-Macaulay modules. 

The N. dimension and width of Artinian modules were defined in [8] and 
[9]. In section 2, we show that N.dimK(iJf(M)) < d, and widthfl,(i?f (Af )) > 
min{2,d} if Hf{M) ^ 0. For an Artinian module X over a commutative 
quasi-local ring A, it is always the case that widthyi(X) < N.dimyi(X). 
When the equality holds, we say that X is co-Cohen-Macaulay. Then 
it turns out that Hf{M) is co-Cohen-Macaulay if Hf{M) ^ and d < 
2. When M is Cohen-Macaulay, it is proved that M-regular sequences 
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are -ff^(M)-coregular. As a corollary, we have that H^{M) is co-Cohen- 
Macaulay of N. dimension d if M is Cohen-Macaulay. Under the assump- 
tion of Cohen-Macaulayness on M, the main result in section 3 states that 
Hf{H^{M)) = M where x= {xi,. . . ,Xd) is a system of parameters for M, 
which, with another result in this section, demonstrates that local homology 
and local cohomology are dual to each other in some sense. 

2 Coregular Sequences on Top Local Cohomology Modules 

Let {A, n) be a commutative quasi-local ring and X an Artinian A-module. 
Roberts [9] introduced a dimension for X. Following Kir by [3], wc call 
this dimension as N. dimension (Noetherian dimension) of X, denoted by 
N.dimA(-'i')- N.dim^(Ar) is defined as follows: we put N.dimA(X) = —1 
when X = Q, then, inductively, let r > be an integer, when N.dimA(-^) < r 
is false and for any ascending chain 

Xo C Xi C X2 C . . . 

of submodules of X there exists an integer n such that N.dimA(Xm+i/Xm) < 
r for all m > n, we put N.dim^(X) = r. Then, N.dim^(X) = if and 
only if X has finite length and N.dim^(X) is the least integer r such that 
-x {xi,. . . ,Xr) has finite length for some xi,. . . ,Xr £ n (cf. [9]). 

Let We say that • • • ^ Xji IS clll X-coregular sequence 

if 

-.x {xi, . . . ,Xi-i) -^0:x {xi, . . . ,Xi-i) 

is surjcctivc for i = 1, . . . ,n. The width of X, denoted by widths (X), is 
the length of a maximal X-coregular sequence in n. For any X-coregular 
element a; € n, we have that 

N.dimA(0 -.x x) = N.dimA(X) - 1 

and 

widths (0 -.x x) = widths (X) — 1, 

(cf. [8] and [9]). 

Let M be a Cohen-Macaulay module of dimension d over a local ring, 
the following proposition states that regular sequences on M are coregular 
on the top local cohomology module H^{M). 

Proposition 2.1. Let (R,m) be a local ring and M a Cohen-Macaulay 

R-module. If xi, . . . , Xi <E m is a regular sequence on M, then it is H^{M)- 
coregular. Furthermore, for any n > 1, there is an isomorphism 

ai,n : Ht\M/{x^, . . . ,OM) :h^(m) «, • • • ,x2), 
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and, for all n > 1, the following diagram is commutative 

Hi-\M/{xr\... ,xr')M) 0:h.(m) W+S . . . , a;^^) 



where Vn is the natural homomorphism. 

Proof. We use induction on i. Set = (x", ... ,x2). Considering the long 
exact sequences of local cohomology modules of the diagram 







M 



M 



M 



M/x1+^M 



M 



M/x^M 







where the middle vertical homomorphism is the identity map and the right 

vertical homomorphism is the natural map, as M/x^M is Cohcn-Macaulay 
of dimension d — 1, we get the following commutative diagram with exact 



rows 



Hi-^M/x'l+^M) 



Hi-\M/x1M) 



Hi{M) 



Hi{M) 



Km 



Him 



Thus Xi is i?^(M)-coregular and, for any n > 1, there is an isomorphism 

ai,„ : H^\M/x^M) ^ :h^(m) a;?, 
and, for all n > 1, the following diagram is commutative 



Hi-^M/x'l+'M) 
Hi-^{M/x1M) 



Tl + l 



'-H^iM) 



SO, the result is true for i = 1. 

Now suppose that i > 1 and the result is true for i — 1. Then, we have 
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the following commutative diagram 







n+l a»-i,r.+i 



-H^iM) x;. 



n+l 



■Hi-'+\M/xf_,M) 



■■Hi(M) x2 



where ai_i,„+i, Q!-_i „ and ai_i_„ are the isomorphisms obtained by re- 
stricting ai-i^n+i,cei-i,n and ai_i,„ on the corresponding submodules re- 
spectively, and T7i_i,„ is also the restriction of i^i-i^n- Considering the long 
exact sequences of local cohomology modules of the following diagram 

> M/x1+^M M/x^+^M > M/x^^+^M > 



^ M/x2_^M I M/x2_^M ^ M/^^^+^M > 

> M/x2_-^M ) M/xS_^M > M/x^M > 



where = a;"^^) and unlabeled maps are natural maps, we have 

the following commutative diagram with exact rows by using temporarily 
H]^ to denote Hi^{N) 



H 



rrd—i+1 



Tjd—i+l 



Trd—i 

^M/xV-M 



d-i+1 
M/x2_iM 



rrd—i+l 

M/xV-_^M 



Trd—i+l 
M/x'^_^M 



rrd—i+l 

M/xV-_-^M 



Then XiH^-*+\M/Xi_:i^M) = H^^+^{M/Xi_-^M). As ai-i,i is an iso- 
morphism and iJ^(M)-coregular, we see that Xx , . . . , X% IS 
an lf^(M)-coregular sequence. Further, we get the foUowing commutative 
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diagram 



Hi-'{M/{x-_„x^+')M) 



H^-'{M/xfM) 



■Hd-i+l(^M/x^+lM) ^ 



n+1 



■Hi-'+\M/xf_^M) 



.n+1 



:^d-i+i 



where the rows are isomorphisms and the composition of the two left vertical 
maps is just the homomorphism reduced from the natural homomorphism 
M/x"~'~^M — > M/xfM. Thus, for any n > 1, we have an isomorphism 

ai,n : Hi-\M/x2M) (m) , 
and, for all n > 1 the following diagram is commutative 



Hi-'iM/xfM) 
The proposition follows. 



□ 



The following corollary will be used in the next section. 



Corollary 2.2. Let {R,m) be a local ring, M a finitely generated R-module 
of dimension d and xi, . . . ,Xd a system of parameters for M . Suppose that 
M is Cohen- Macaulay. Then, for any n>l, there is an isomorphism 

an : M/{xl, ... , x'})M -.h^^m) W, . . . , a;^), 
and, for all n> 1, the following diagram is commutative 



M/ix'l 



,n+l 



y.n+1 



)M 



Oln + l 



■■H^{M) {Xi 



n+1 



, . . . J 



M/{x^,... ,x2)M 
where f„ is the natural homomorphism. 



-.H^iM) (a;?,... ,x2) 



For the N. dimension and width of top local cohomology modules, we 
have the following two propositions. 

Proposition 2.3. Let {R, m) be a local ring, M ^ a finitely generated 
R-module of dimension d and I a proper ideal of R. Then 

N.dimR{Hf{M)) < d. 
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Proof. We use induction on d. When d = 0, M has finite length. Then M is 
annihilated by some power of I, hence H^{M) = M . Thus N.dimfl(/f^(M)) 
= 0. 

Now assume that d > 0. As H^{M) is a submodule of M which has 

finite length, we sec that M / H^{M) 7^ is also of dinicnsion d. Further, 
as Hj{H^{M)) = for all i > 0, from the long exact sequence of local 
cohomology modules of the short exact sequence 

^ (M) ^ M/H'^{M) 

we get that 

Hf{M) ^ Hf{M/H^iM)). 

Thus, we may assume that H^{M) = 0. Then, in m, there exists non- 
zero divisors on M. Let a; S m be any non-zero divisor on M. Thus 
dim(M/a;M) = d - 1, hence Hf{M/xM) = 0. Considering the long exact 
sequence of local cohomology modules of the short exact sequence 

0-^ M ^ M M/xM 0, 

we have the following exact sequence 

^ Hf-\M/xM) Hf{M) Hf{M) 0. 

Then xHf{M) = Hf{M) and '■h''{m) ^ is isomorphic to a factor module 
of Hf-\M/xM), hence 

N.dimR{Hf{M)) = N.dimfl(0 a;) + 1 

and 

N.dimfl(0 :^.(M) x) < N.dimR{Hf-\M/xM)). 
Therefore, by induction assumption, we have 

N.dimfl(/?f(M)) 
= N.dimij(0 :^d(jvj) x) + 1 

< N.dimR{Hf-\M/xM)) + l 

< {d-l) + l 
= d 

The proposition follows. □ 

Proposition 2.4. Let {R, m) be a local ring, M 7^ a finitely generated 
R-module of dimension d and I a proper ideal of R. If Hf{M) ^ 0, then 

widthR{Hf{M)) > min{2,rf}. 
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Proof. When d = 0, it is trivial. We assume that d > 1. As in the proof 

of proposition 2.3, we may assume that there exists x € m which is a non- 
zero divisor on M, and we have xHf{M) = Hf{M) and an epimorphism 
Hf-\M/xM) — > X. Then width/j (ilf(M)) > 1 and as Hf{M) 

is Artinian, we have ■Hf{M) x ^ 0, hence Hf-\M/xM) ^ 0. 

Suppose that d>2. Then, by using the same arguments to Hf^ ^{M/ xM) , 
we get some y e m such that yHf^^{M/xM) = Hf^^{M/xM). But, 
■Hj(M) a; is a liomoniorphic image of Hf^^ (M/xM), so, y{0 ■Hf{M) 
x) = -HfiM) X. Thus, x,y is an ifj(M)-coregular sequence, hence, 
widthij(if/(M)) > 2. It follows that widthij(iff (M)) > min{2, d}. □ 

For an Artinian module X over a commutative quasi-local ring A, it is 
always the case that widthyi(X) < N.dim^(X). When the equality holds, 
we say that X is co-Cohen-Macaulay. Co-Cohen-Macaulay modules were 
introduced and studied in [11] and [12]. 

Let fc be a field and R = fc[[-'fi, . . . , Xn]] be a formal power series ring. 
Then i? is a local ring and (Xi, . . . , Xn) is the maximal ideal. Let K = 
k[Xi^, . . . ,X~^] be the fc-module of polynomials in X^^, . . . ,X~^ with 
coefficients in k. Then K is an Artinian i?- module ( see [2]). It is easy to 
see that Xi, . . . , Xn is a isT-coregular sequence and :k {Xi, . . . , Xn) = k 
has finite length, hence, widthfl(ii') = N.dimij(Jl') = n. Thus is a co- 
Cohcn-Macaulay _R-modulc. 

From propositions 2.3 and 2.4. wc have immediately the following 

Corollary 2.5. Let {R,m) be a local ring, M a finitely generated R-module 
of dimension d and I a proper ideal of R. If Hf{M) and d <2, then 
Hf{M) is co-Cohen-Macaulay. 

Let (-R,m) be a local ring and Af 7^ a Colicn-Macaulay i?-modulc of 
dimension d. Let Xi, . . . ,Xd be a system of parameters for M. Then, by 
proposition 2.1, xi,... ,Xd is iI^(M)-coregular, hence, widthi{(M) > d. 
Thus, the following proposition follows from proposition 2.3. 

Proposition 2.6. Let (i?, m) he a local ring and M ^ a finitely generated 
R-module of dimension d. If M is Cohen- Macaulay, then II^{M) is co- 
Cohen-Macaulay of N. dimension d. 

3 Local Homology of Top Local Cohomology Modules 

Let (A, n) be a commutative quasi-local ring and X an Artinian A-modulc. 
For any sequence x = (a;i,... ,Xr) in n and an integer i, the i-th local 
homology module Hf{X) of X with respect to x is defined by 

\ua{Hi{K.{x'l,... 

n 
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where K.{xi, ... ,x^;X)is the Koszul complex of X with respect to x", . . . , 
x". Then i?f ( ) is an additive, ^-linear covariant functor from the category 
of Artinian A-modulcs and A-homomorphisms to the category of A-modulcs 
and A-homomorphisms, and, for any short exact sequence of Artinian A- 
modules, there is a long exact sequence of local homology modules. Fur- 
thermore, it is proved in [11] that Hf{X) = for i > N.dim^(Ar) and 
'mi{i\Hf[X) ^ 0} is the width of X on the ideal (xi,... ,0;^), i.e., the 
length of a maximal X-coregular sequence in the ideal (xi , . . . ,Xr 



Now we can prove the main result. 

Theorem 3.1. Let {R, m) be a local ring, M a finitely generated R-module 
of dimension d and x = {xi,. . . , xa) a system of parameters for M. If M 
is Cohen-Macaulay, then 



Hf{Hi{M)) 



M i= j d 

otherwise 



where M is the m-adic completion of M. 

Proof. Since M is Cohcn-Macaulay, we have that Hm{M) = if j 7^ d. 
On the other hand, as H^{M) is co-Cohen-Macaulay of N. dimension d and 
Xi, . . . , Xd is an iJ^ (M)-coregular sequence by propositions 2.6 and 2.1, we 
have that Hf{H^{M)) = Q ]i i ^ d. Hence, it is enough to show that 
H^{Hi{M)) - M. 
Since 

H%Hi{M)) - lim{0 -.HUM) «, • • • , x'i); <p4, 

n 

where 



: :h^(m) W,... — ' ^ ■Hi(M) {x^ ^ , . . . ^x^ ^) 
m 1-^ Xi ■ ■ ■ x^m 



and 

M-lim{M/(x^... ,x3)M;^„}, 

n 

where Vn : M/{x'^,... ,x'^)M — > , a;2"^)M is the natural ho- 

momorphism, and, by corollary 2.2, the two inverse systems are isomorphic, 
it follows that fff(iJ^(M)) ^ M. □ 

Because local homology functors and local cohomology functors are R- 
linear, the following corollary follows from theorem 3.1. 

Corollary 3.2. Let (i?, m) be a local ring and M a finitely generated R- 
module of dimension d. If M is Cohen-Macaulay, then 

annR{Hi{M)) = annR{M). 
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By using the dual arguments to proposition 2.1, we can show the follow- 
ing 

Lemma 3.3. Let (A, n) be a commutative quasi-local ring, X an Artinian 
A-module of N. dimension d and x_ = {xi, . . . , Xd) Q n such that :x x has 
finite length. Suppose that X is co-Cohen-Macaulay. Then, for any n >1, 
there is an isomorphism 

Pn : Hf{X)/{x^, x2)Hf{X) -.x «, • • • , a;^), 

and, for all n> 1, the following diagram is commutative 

Hf{X)/ix^,... ,x2)Hf{X) 0:x{x^^... ,x^) 

HfiX)/{xr\...,x-+')HfiX) 0:x «+\ • • • ,x",+') 

where in is the inclusion map. 

The following theorem is dual to theorem 3.1. 

Theorem 3.4. Let (R,m) be a local ring, X an Artinian R-module of 
N. dimension d and x = {x\, . . . , Xd) C m such that Q :x x has finite length. 
If X is co-Cohen-Macaulay, then 

H^{Hf{X)) - X, 

where x is also interpreted as the ideal generated by xi,. . . ,xd. 
Proof. Since 

Hl{Hf{X))^lim{Hf{X)/{x-„... ,x2)Hf{X)-^n} 

n 

where 

<^„:iJf(X)/K,...,,<)fff(X) Hf{X)/{x-^\...,x-+')Hf{X) 

m+ix'l,... ,x':i)Hf{X) ^ xi---Xdm+{x^+\... ,x'^+')Hf{X), 

and 

X=\j0:x {x^,... ,x2) = lim{0 -.x K, . . . , x^); ^4 

n>l " 

where i„ : :x (.x", . . . , — > -.x ,x^'^^) is the inclusion 

map, but, by lemma 3.3, the two direct systems are isomorphic, it follows 
that HliHfiX)) - X. □ 

Remark 3.5. Under the assumption of theorem 3.4, we see from the proof 
of lemma 3.3 that xi, . . . , is an Hj{X)-Tegu\a,v sequence and 

Hf{X)/{xu...,Xd)HfiX)j^O 
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has finite length. Hence Hj{X) would be Cohen-Macaulay if one can show 
that Hj{X) is finitely generated. On the other hand, if dim(ii) = d, then 
Hj{X) is a maximal Cohen-Macaulay ii-module. 
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